
Mathematical Techniques A: Solutions Exercise Set 4

November 5, 2015

Exercise 4

Cost functions and demand elasticities

1. A firms short run total cost function is:

TC =
1

2
x2 + x+ 50

(where TC = total cost in pounds and x = output in tons per week)

(i) By differentiation, find marginal cost, defined as dTC
dx

(ii) Find an expression for average cost, defined as TC
x

(iii) By differentiation, find the output at which average cost is at its minimum.

(iv) Show that when average cost is at its minimum, marginal cost and average cost are equal.
Explain in words why this is so.

(v) Sketch the graphs of total, average and marginal cost, showing how they are related.

2. Repeat question (1) for the total cost function:

TC =
1

10
x2 + x+ 100

3. A firm’s total cost function is TC = 2x + 100. Find the marginal and average cost functions.
Show that average cost always exceeds marginal cost. Sketch the total, average and marginal cost
functions.

4. (This question is a little difficult so dont worry if you cant do it all) A firm’s total cost function
is TC = x3 − 120x2 + 5000x where x = output.

(i) Show that there is a point of inflexion in the TC function at x = 40.

(ii) Show that marginal cost is minimized at x = 40 and find the level of marginal cost at this
output.
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(iii) Show that average cost is minimized at x = 60 and that average and marginal cost are
equal at this output. Find the level of average cost at this output.

(iv) Sketch the total, average and marginal cost functions showing clearly important features
such as turning points, points of inflexion, intercepts etc. and the relationship between the three
curves.

5. The demand function for a firms product is

q = 100− 1

2
p

where q = quantity demanded, p = price

(i) Find the inverse demand function (i.e. p as a function of q)

(ii) Find total revenue (TR) as a function of q.

(iii) Find the quantity (and price) at which total revenue is maximised.

(iv) Illustrate graphically.

6. Repeat question (5) for the demand function q = 60− 1
3p

8. Given the demand function
q = 100p−1

(i) Find the inverse demand function (i.e. p as a function of q)

(ii) Find the total revenue and marginal revenue functions. (Hint: remember that the derivative
of a constant is zero)

(iii) Hence show that total revenue is independent of price and quantity.

(iv) Illustrate graphically.

(v) Comment on the likelihood of such a demand function in the real world.

9. Given the demand function
q = 100p−0.25

(i) Find the inverse demand function (i.e. p as a function of q)

(ii) Find the total revenue and marginal revenue functions.

(iii) Hence show that a price reduction (and hence an increase in quantity sold) always reduces
total revenue.

EC121 Omiros Kouvavas



Mathematical Techniques A 3

(iv) Illustrate graphically.

(v) Comment on the likelihood of such a demand function in the real world.

10. Repeat question (9) for the demand function q = 100p−2, showing in this case that a price
reduction always increases total revenue.

11. Refer to question 6, where the demand function is

q = 60− 1

3
p

where q = quantity, p = price

(i) Show that the elasticity of demand (η), as a function of q, is given by:

η =
q − 60

q

(Hint: you will need to derive the inverse demand function)

(ii) Show that the demand elasticity is unity (that is, η = −1 or |η|= 1) when q = 30. Note:
|η| means the absolute value of η (that is, ignoring its sign).

(iii) Show that demand is elastic (that is, η < −1 or |η|> 1) when 0 < q < 30.

(iv) Show that demand is inelastic (that is, −1 < η < 0 or 0 < |η|< 1) when 30 < q < 60.

(v) By examining the marginal revenue function, show that if demand is elastic (inelastic),
a price reduction increases (decreases) total revenue. (Hint: since the demand function slopes
downward, a price reduction is associated with an increase in quantity demanded).

(vi) Illustrate diagrammatically.

12. Repeat the previous question for the demand function in question 5, i.e. q = 100− 0.5p

13. Refer to questions 8, 9 and 10. Show that the elasticities of demand in these three questions
are −1, −0.25 and −2 respectively. (Hint: there is a simple algebraic trick involved - having found
the elasticity, use the demand function to make a substitution.)
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