
Mathematical Techniques A: Solutions Exercise Set 6

December 1, 2015

Exercise 6

Based on exponential and logarithmic functions and their applications

Note: Following standard practice, ”log” denotes a ”common” logarithm; that is, a logarithm to
base 10 (usually written as log10). Similarly ”ln” denotes a ”natural” logarithm; that is, to base
e (usually written as loge). This notation is also used on the keyboard of your calculator, so you
should press the key marked ”log” to find a common logarithm, and the ”ln” key to find a natural
logarithm. To find an anti-log (that is, to convert a log into the number that it’s the log of) the
procedure varies a little from one calculator to another, but typically you have to press ”inv” or
”shift” or ”2nd F” followed by ”log” to find a common antilog, or followed by ”ln” to find a natural
antilog. It’s a good idea to practise these until you know what to key in without too much prior
thought and you cease to be surprised by the results!

1. Draw a sketch graph of y = 1/x, x > 0. Using this graph, define the function a = ln(x) and
define the number e. Using the definition of e, find the function that is inverse of the function
a = ln(x). Sketch this inverse function.

2. Draw the graph of y = 1
ln(10)

1
x which is obtained by scaling the graph of y = 1/x by a factor

1/ln(10). Using this graph, define the logarithmic function to the base 10, a = log(x) for x > 0.
Explain how this graph is related to the graph of x = 10a.

3. Given that log (2) = 0.3010, without using a calculator or tables, find:

(i) log(4)

(ii) log(0.5)

(iii) log(
√

0.5)

4. Sketch the graphs of

(i) y = e0.05x

(ii) y = e−x

(iii) y = 100e2x

(iv) y = ln(x)
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5. Suppose GDP is initially 1 and is growing at 3% per year (nominal rate)

(i) Assuming it grows in annual jumps, find its level after 1 year and after 25 years.

(ii) Assuming it grows continuously, find its level after 1 year and after 25 years.

Compare your answers to (i) and (ii).

6. A variable y has an initial value of 125 and is growing through time (x) as shown in the table
below:

At end Year: 1 2 3 4 5

Level of y: 150 188 243 329 461

(i) Draw a reasonably accurate graph of y as a function of x, for the above values.

(ii) From inspection of the graph, what can you infer about the growth rate of y? Does it appear
to be constant, increasing, or declining?

(iii) Draw another reasonably accurate graph, this time taking lny as the dependent variable.

(iv) From inspection of this graph, what can you infer about the growth rate of y? Does it appear
to be constant, increasing, or declining?

(v) Use your calculator to check the actual growth rate(s) of y, from the table (if you haven’t done
so already!)

(vi) Hence explain briefly why we often use a ln scale to graph a variable growing through time.

Hint: it doesn’t really matter whether you treat time as a continuous or discrete variable.

7. In a certain economy the ratio of government expenditure to GDP is currently 40%. If govern-
ment expenditure grows continuously at 3% p.a. and GDP grows continuously at 2% p.a., in how
many years from now will the ratio of government expenditure to GDP reach 50%?

(Hint: eax

ebx
= e(a−b)x)

8. The level of GDP of the republic of Stagnatia was twice as large as that of the republic of
Dynamica at the end of 1990 but only 50% larger ten years later.

(a) Find the difference in their average annual growth rates.

(b) If these growth rates continue, when will Dynamica’s GDP overtake that of Stagnatia?

(Hint: assume GDP grows continuously. Write down a separate equation for each country’s GDP
as a function time. You only need to find their relative growth rates. The hint from q. 10 above is
also relevant here)
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9. Find dy
dx for each of the following functions:

1. y = 15e0.4x

2. y = e−
1
2x

2

3. y = 1√
ex

4. y = x2e−x

5. y = ln(x2)

6. y = 2ln(x)

10. Suppose a variable y grows continuously, that is, y = aerx (where y is any variable and x is
time), show that the rate of growth is independent of time x (that is it is a constant over time).
Suppose instead the variable y grows according to the rule y = x2, what is the rate of growth of y?
Is it independent of time? Plot ln(y) against x in both cases and discuss what aspect of the graph
indicates the rate of growth in the variable y.
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