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December 3, 2015

Exercise 7

Partial Derivatives

1. Given z = x3 + 2xy + 3y2 find:
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Explain briefly what, in general, each of these partial derivatives measures.

2. Given z = xαyβ (where α and β are parameters), find:
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3. Suppose you are given the following information about a function z = f(x, y). At point P :
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Indicate by means of rough sketches the shape of the surface in the vicinity of P (Sorry, this isnt
easy, but give it a shot.)

4. A production function of the general form X = AKαLβ is known as a Cobb-Douglas production
function. (Here X is output and K and L are inputs of capital and labour respectively. A, α and
β are constants, with A assumed positive and α and β positive but less than 1). By definition, the
partial derivatives ∂X

∂L and ∂X
∂K measure the marginal products of L and K respectively. As a specific

example, suppose a firm’s production function is X = 100K0.5L0.5

(a) Find these marginal products of labour and capital for this particular production function.

(b) By examining the sign of the appropriate direct second derivative show that the marginal product
of labour diminishes as the labour input increases with the capital input held constant. How
would you explain in economic terms this ”law” of diminishing marginal productivity? Would
you expect it to be universally valid?
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(c) By examining the second-order cross-partial derivatives of this production function, show that
an increase in capital input increases the marginal product of labour, and vice versa. Give an
economic interpretation.

(d) Sketch the shape of the total product of labour curve, and the marginal product of labour curve,
in each case with the capital input held constant.

5. Show that the function z = 60x + 34y − 6x2 − 4xy − 3y2 + 5 has a single stationary value at
x = 4, y = 3 and that this S.V. is a maximum.

6. Show that the function z = 4x2 − xy+ y2 − x3 has a minimum at x = y = 0 and a saddle point
at x = 5/2, y = 5/4.

7. Find the differential (dz) of

(a) z = x2 + xy + y2 − 1

(b) z = x0.5y0.75

8. (This question aims to increase your understanding of why the differential is an approximation
which is acceptably accurate when the changes in the independent variables are sufficiently small).
If z = x2 + y2 , suppose x increases from 5 to 5.1 and y increases from 10 to 10.1. What percentage
error occurs when we use the differential, dz, of the function to calculate the resulting change in
z? Remark: You can show this exercise diagrammatically if you draw 2 squares, one with sides of
length = x and the other with sides = y. The dependent variable z is then given by the sum of the
areas.

9. (This question involves the use of the differential to find the derivative of an implicit function).
Use your answers to question 7 to find dy

dx of:

(a) 0 = x2 + xy + y2 − 1

(b) 10 = x0.5y0.75
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