
Advanced Macroeconomics I: Problem Set 1

MRes Economics, Term I

Omiros Kouvavas

Problem 1: Labor Tax. Consider the following economy.
A government finance its exogenous spending g through a labor income tax. In partic-

ular, the government spending g is equal to the amount of tax collected T. Hence, g = T
A representative firm produces goods using a linear technology:

y = zn

where y is the output, z is a constant exogenous technology, and n is the labor input.
A representative consumer

max
c,l

u(c, l)

subject to:

c = (1− τw)w(1− l)

Hence, the tax imposed by the government is a fraction τw of the wage-bill w(1− l) of the
household. The government collects only labor taxes, i.e. T = τww(1− l).

1. Find the optional demand schedule for labor for the firm.

In order to find the demand schedule for the firm we need to solve the firms maximization
problem:

max
n

Π = zn− wn

where zn is the value of the revenue taking the price of goods to be the numeraire, and
wn is the cost of the only input that the firm has (labor). The result of the maximization
problem is the following:

dΠ

dn
= 0⇒

z − w = 0⇒

z = w (1)

Thus we have that the labor demand schedule (Ld) is infinitely elastic at w = z. More
formally the labor demand function is equal to:

Ld =


0 ≤ n ≤ ∞ if z = w

0 if z < w

∞ if z > w

Note: z > w cannot be an equilibrium case. The labor demand schedule is depicted in figure
1.

2. Find the optimal supply schedule of labor for the households.
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Figure 1: Labor Demand Schedule
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This time we focus on the maximization problem of the household:

max
c,l

u(c, l)

subject to:
c = (1− τw)w(1− l)

c ≥ 0

0 ≤ l ≤ 1

however when we impose specific assumption on the utility function we can safely ignore
the equality cases for c and l. More specifically we have that the limc→0 u

′(c, l) =∞ which
implies that a very small increase in consumption, when consumption is close to zero will
cause a very large increase in utility, which in turn implies that if we are maximizing utility
consumption will be strictly positive. Additionally if l = 1 then we will have no production
in equilibrium and thus again consumption will be zero. As such we can rule out the case of
l = 1. Finally we have that liml→0 u

′(c, l) =∞ and thus following the same argumentation
we can infer that in equilibrium we will not have the case of l = 0. Thus maximization
problem becomes:

max
c,l

u(c, l)

subject to:
c = (1− τw)w(1− l)

Formulating the Lagrangian for the household problem we have:

L = u(c, l) + λ[(1− τw)w(1− l)− c]

Thus the F.O.C’s are:

∂L
∂c

= 0⇒ uc(c, l) = λ (2)

∂L
∂l

= 0⇒ ul(c, l) = λ(1− τw)w (3)

∂L
∂λ

= 0⇒ c = (1− τw)w(1− l) (4)

from equation (2) and (3) of the first order conditions we have that:

ul(c, l)

uc(c, l)
= (1− τw)w (5)
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Finally using the budget constrain and equation (5) we can write the solution to the house-
hold maximization problem as a function of l:

ul((1− τw)w(1− l), l)
uc((1− τw)w(1− l), l)

= (1− τw)w (6)

Equation (6) defines the optimal value of leisure for the household. If we rewrite l = 1− n
we get the household we can express the optimality condition as a function of labor. Thus
the optimal labor supply schedule of labor for the household is:

Ls :
ul((1− τw)w(n), 1− n)

uc((1− τw)w(n), 1− n)
= (1− τw)w (7)

As we can observe from equation (7) the optimal labor supply decision for the household is
to equate the ratio of the marginal utilities (of leisure and consumption) to the perceived
price ratio. Note that the price of goods is equal to 1. Furthermore the wage that the
household takes into account in his maximization decision is the after tax wage, as taxes are
taken as given. This has the implication the tax rate becomes distortionary as they affect
the labor supply decision of the household.

In order to analyze the behavior of the household with respect to the tax rate we can
use the implicit function theorem. Thus we will totally differentiate equation (7) assuming
a constant wage (w) and thus dw = 0:

((1− τw)wulc(·))− ull(·))dn− ((1− τw)w(1− τw)wucc(·)− (1− τw)wucl(·))dn =

(−wuc(·) + ((1− τw)w(−wnucc(·))dτw + (wnulc(·))dτw

⇒

dn

dτw
=

wnulc(·)− wuc(·)− (1− τw)w2nucc(·)
(1− τw)wulc(·))− ull(·)− ((1− τw)w)2ucc(·)− (1− τw)wucl(·)

(8)

Thus if the sign of the fraction on the RHS of equation (8) is positive (negative), labor supply
will increase (decrease) for a given wage (w). Hence if the substitution effect dominates then
the labor supply will decrease for an increase in taxes and a given wage, else if the income
effect dominates labor supply will increase for an increase in taxes and a given wage.

To conclude we observe that the presence of taxes affects to optimal choice of labor supply
for households and is distinctively different from the no tax situation (or no distortionary
tax). The effect on labor supply depends on the magnitudes of the substitution and income
effect. Thus if dn

dτw
> 0 then the labor supply will increase. Conversely, if dn

dτw
< 0 then

labor supply will decrease. In figure 2 we depict the equilibria both with or with out taxes.
As taxes increases the budget line rotates towards the origin. The slope of the budget line is
−(1− τw)w. Additionally the effect of taxes on consumption is clearly negative as dc

dτw
< 0.

In figure 2a we depict the situation where the substitution effect dominates the income effect
and the household decrease the supply of labor as it substitutes leisure for consumption.
Additionally in figure 2b the opposite occurs where the income effect dominates and the
household decreases the consumption of both goods leisure and consumption thus increases
labor supply. Starting from a initial situation of no taxes (τw = 0) the two effects can be
decomposed graphically from A to B as the substitution effect, and from B to C as the
income effect.
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Figure 2: Income and Substitution Effect
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3. Define accurately a competitive equilibrium for this economy.

A competitive equilibrium is a set of quantities c, l, n and prices w, which satisfies the
following properties:

• Consumers choose c and l optimally to maximize their utility given w and τw.

• Firm optimally chooses inputs (n) to maximize profits given w

• Markets clear. Hence both labor and goods market have to clear.

• The government budget constrain is satisfied (g = T ).

The above conditions define a set of equations that have to be satisfied in equilibrium:

ul(c, l) = uc(c, l)(1− τw)w (9)

c = (1− τw)w(1− l) (10)

z = w (11)

T = g = τww(1− l) (12)

y = c+ g (13)

n = 1− l (14)

Solving this system of equations will yield a unique equilibrium which however will be
different from the Pareto optimal equilibrium as in the presence of labor taxes the First
Welfare Theorem doesn’t hold.The optimal solution takes the form:

ul((1− τw)z(1− l∗), l∗) = uc((1− τw)z(1− l∗), l)(1− τw)z (15)

c∗ = (1− τw)z(1− l∗) (16)

n∗ = 1− l∗ (17)

4. Write the equivalent social planner problem

The social planer tries to maximize the overall welfare by achieving the maximum utility.
However in contrast with the household problem taxes are not taken as given, on the contrary
they adjusts to the optimal level of government spending. It is easy to infer from the fact
that government spending doesn’t enter the utility function has no marginal benefit for the
household however has a marginal cost from the financing side (T ) and thus the optimal
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will be g = 0. That is implicitly what the social planner will do through the maximization
problem. Hence the objective function of the social planer is:

max
c,l

u(c, l)

subject to:
c+ g = z(1− l)

where z(1− l) = f(n) = y.The problem can be translated into an unconstrained maximiza-
tion problem by replacing c into the constrain:

max
l
u(z(1− l)− g, l)

du

dl
= 0⇒

ul(z(1− l)− g, l) = zuc(z(1− l)− g, l)⇒
ul(c, l)

uc(c, l)
= z (18)

The solution of the maximization problem (eq. 19) that the ratio of marginal utilities of
leisure and consumption will be equal to the marginal productivity of labor and thus the
taxes are not part of the decision rule. This maximization will lead to the Pareto optimal
equilibrium, in contrast with the maximization of the household.

5. Find the equilibrium that yields the optimal level of labor in the economy.

To find the equilibrium that yields the optimal level of labor we use equation (19) and
we replace c from the budget constrain:

ul(z(1− l∗)− g, l∗)
uc(z(1− l∗)− g, l∗)

= z (19)

Thus as we mentioned before the optimal supply of labor is equal to the marginal produc-
tivity of labor z. The supply of labor in the social planer problem will be the same as in
the absence of distortionary taxes.

6. Are the competitive equilibrium and the solution to the social planner problem
equivalent? Explain.

As we discussed before, the problem of Social planner will lead to a Pareto optimal equi-
librium in contrast with the competitive equilibrium in the presence of distortionary labor
taxes. In detail as taxes increase the perceived budget line of the household rotates towards
the origin as the received wage by the household is lower than the equilibrium wage (w = z
reduced by (1 − τw)) and thus the choices are distorted.As such the marginal productivity
of labor is not equal to the ratio of marginal utilities. On the other hand the social planer
equates marginal productivity of labor with the ratio of the marginal utilities and thus the
optimal labor supply will be equal with the case of competitive equilibrium without the
presence of taxes. The differences between the two problems are due to the mechanism
with with the equilibrium is achieved. In the competitive equilibrium prices play the role
of the equalibriating mechanism. This implies that any distortion on the prices will appear
in equilibrium.On the contrary the social planer effective equates the slope of the PPF with
the one of the indifference curve of the household and as such distortions due to prices
disappear. In the next part (question 7) we will describe the effects with a graph.
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7. Use a graph in the space c (y-axis) and l (x-axis). Display the social planer equilibrium
and the competitive equilibrium in the same graph. Explain carefully all the curves you
plot.

Figure 3: Social Planner vs Competitive Equilibrium

In the figure 3 we can observe that the budget line of the problem with the social planer
which coincides with the one without taxes and has a slope of −z. The equilibrium of the
social planers problem is in point A. In essence the constrain line (budget line) in the social
planer’s problem is the PPF (is just a line due to the linear technology with a slope of −z).
Conversely,in the competitive case, the distortion of the wage rate received by the household
due to the tax rotates the budget line faced by the household towards the origin leading to
an equilibrium in point B (the competitive case is drawn for the case the income and the
substitution effects are equal, for an elaborate discussion please refer to figure 2). Thus we
observe that the distortionary taxes have an effect only on the competitive equilibrium.

Problem 2: T-periods Economy. Consider the T-periods neoclassical growth model
that we have studied in the class:

max
{ct,kt+1}Tt=0

T∑
t=0

βtu(ct)

subject to:

c+ kt+1 ≤ f(k),∀t = 0, . . . , T

ct ≥ 0,∀t = 0, . . . , T

kt+1 ≥ 0,∀t = 0, . . . , T

k0 > 0, given

Assume a logarithmic utility function, i.e. u(ct) =log(ct) and the production technology is
represented by the function:

f(k) = Rk
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where R is a constant. Notice that this amounts to a linear function with exogenous marginal
return R on investment.

1. Set up the Lagrangian for the problem.

Before setting up the Lagrangian we must acknowledge the fact that the utility function
is logarithmic (uc = log(ct)) and thus strictly concave.Hence the limc→0 u

′(c, l) =∞ which
help us rule out the case c = 0. Thus the Lagrangian becomes:

L(ct, . . . , cT , kt, . . . , kT ) =

T∑
t=0

βt[log(ct) + λt(Rkt − kt+1 − ct) + µtkt+1]

subject to:

c+ kt+1 = f(k),∀t = 0, . . . , T

kt+1 ≥ 0,∀t = 0, . . . , T

and the F.O.C’s are:

∂L
∂ct

= 0 ⇒ βt
1

ct
− βtλt = 0, ∀t = 0, . . . , T (20)

∂L
∂kt+1

= 0 ⇒ βt(−λt + µt + βλt+1R) = 0, ∀t = 0, . . . , T − 1 (21)

∂L
∂λt

= 0 ⇒ βt(Rkt − kt+1 − ct) = 0, ∀t = 0, . . . , T (22)

∂L
∂µT

= 0 ⇒ βt(kt+1) = 0, for t = T (23)

∂L
∂kT+1

= 0 ⇒ βT (−λT + µT ) = 0, for t = T (24)

Note that from equation (21) we can infer that (λt > o) as the marginal utility is strictly
positive as the function is strictly concave and ct strictly positive. Furthermore we can
conclude that in equation (25) kT + 1 is zero (the consumer leaves no capital for after the
last period as he derives no utility from it) and µT > 0 For all other period due to comple-
mentary slackness conditions kt+1 will be positive and thus µt will be zero.

2. Derive the Euler Equation and interpret it.

To derive the euler condition we divide equation (21) and (22) by βt as it is strictly
positive by assumption. Combining the two equations and the fact the µt for all periods
except the last is equal to zero we get:

1

ct
= βR

1

ct+1
, ∀t = 0, . . . , T − 1 and kT+1 = 0 (25)

Equation (26) is the Euler equation for this specific maximization problem. The interpre-
tation is that in order to maximize the inter-temporal utility we need to equate for each
period the marginal costs of investing (in terms of present consumption) to the marginal
benefits (in terms of discounted future consumption). Thus we equate the marginal utility of
consumption now( 1

ct
) to the discounted marginal utility of consumption of the next period

times the marginal return on investment, for all periods.
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3. Compute the optimal rate of growth of consumption ct+1

ct
.

The optimal growth rate of consumption can be derived from the Euler equation:

ct+1

ct
= βR, ∀t = 0, . . . , T − 1 (26)

From equation (27) we can comment on three distinct cases. Firstly for the case that the
product of the degree of impatience (β) with the return rate (R) is equal to 1 we have that:

ct+1 = ct

thus consumption is kept constant through time (perfect consumption smoothing). In the
case that βR > 1 then the ratio is larger than 1, implying that consumption increases each
period at a constant rate (as consumption in the future is more beneficial, lower discount
rate (δ with β = 1

1+δ ) than the rate of return (r with R = 1 + r)). Finally if the product of
βR is less than one then consumption will decrease at a constant rate (as consumption in
the future is less beneficial, higher discount rate than the rate of return).

4. Use the resource constrains from time 0 to a time T to compute the consolidated (or
inter-temporal) budget constrain [Hint: use the condition that kT+1 = 0 and eliminate all
the capital variables {k1, ·, kt} to obtain a single equation where on the left hand side you
have the present value of all the consumption stream and on the right hand side you have
the present value of income, Rk0].

The inter-temporal budget constrain takes the form:

ct + kt+1 = Rkt, ∀t = 0, . . . , T and kT+1 = 0 (27)

or more explicitly:

c0 + k1 = Rk0

c1 + k2 = Rk1
...

cT + kT+1 = RkT

replacing recercively kt from the next periods equation and using the fact that kT+1 = 0 we
get:

c0 +

T∑
i=1

1

Ri
ci = Rko (28)

5. Use the results in (3) to derive the optimal level consumption at time 0, c0,as a
function of the parameters of the model.

Using the Euler equation we can write explicitly:

c1 = βRc0

c2 = βRc1
...

cT = βRcT−1
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replacing recursively yields the follow expression for ct:

ct = βtRtc0 (29)

Using the result in equation (29) in combination with equation (28), we have:

c0 +
1

R
βRc0 +

1

R2
β2R2c0 . . .

1

RT
βTRT c0 = Rk0 ⇒

c0 + βc0 + β2c0 . . . β
T c0 = Rk0 ⇒

c0(1 + β + β2 . . . βT ) = Rk0 ⇒

c0

(
1− βT+1

1− β

)
= Rk0 ⇒

c0 = Rk0

(
1− β

1− βT+1

)
(30)

Hence consumption in the initial period will go up if either the return rate goes up or the
initial capital. Additionally for cases of 0 < β < 1 a decrease of β will increase both numer-
ator and the denominator, however the denominator will increase less and thus the fraction
will tent to increase, increasing the consumption. The interpretation is that the lower the
β the less is the degree of patience and thus will consume more now. The effect of the rate
of return will be discussed more thoroughly in the next question.

6. What happens to consumption when the return f investment R increases? Explain
clearly referring to all the effects caused by an increase in R.

In order to identify the effect of R on consumption it is instructive to solve for ct in terms
of the parameters of the model. To do that we replace c0 in equation (30) using the value
from equation (31):

ct = βtRtRk0

(
1− β

1− βT+1

)
⇒

ct = βtRt+1k0

(
1− β

1− βT+1

)
(31)

taking the derivative of equation (32) with respect to the rate of return we have:

∂ct
∂R

= (t+ 1)βtRtk0

(
1− β

1− βT+1

)
> 0 (32)

As the derivative is strictly positive for values of 0 < β < 1, we can conclude that con-
sumption goes up in every period. This effect is driven mainly by the ”income effect” as the
increase of the return increases the overall consumption and thus the consumption in every
period. On the same time another effect takes place which we can identify as the ”inter-
temporal substitution effect”, as R increases the increase in consumption is distributed more
towards future consumption. To state it differently, even though all consumption increase,
consumption in later period increases even more. To show that we can take the derivative
of the growth rate of consumption with respect to R:

∂ ct+1

ct

∂R
= β > 0 (33)

which shows that the growth rate of consumption increases along with R. Additionally it
is instructive to look at equation (30) which shows that an increase γ of R in period t will
cause a γt increase of the consumption.
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Problem 3: A More General Utility Function. Consider the economy as in prob-
lem 2. Let us introduce the most commonly used additively separable utility function in
macroeconomics: the CRRA (constant relative risk aversion) function:

u(c) =

(
c(1−σ) − 1

1− σ

)
This function has as special cases:

• σ = 0: linear utility

• σ > 0: strictly concave utility

• σ = 1: logarithmic utility

• σ =∞: not possible, but usually referred as Leontief utility function.

Assume that the exogenous marginal return is now not constant, but that instead we have
{Rt}Tt=0 with Rt different at each t. Define Rt,t+k =

∏t+k
i=t+1Ri the compound rate of return

of saving between period t and t+ k.
Let us define the inter temporal elasticity of substitution (IES) as:

IES =

d
(
Ct+k
ct

)
Ct+k
ct

dRt,t+k
Rt,t+k

The coefficient of relative risk aversion is defined as:

CRRA = −cu
′′(c)

u′(c)

0. Derive the CRRA for the assumed utility function

In order to derive the CRRA we first need to calculate u′(c) and u′′(c):

u′ =
1

1− σ
(1− σ)c1−σ−1 = c−σ (34)

u′′ = −σc−σ−1 (35)

using the results in (35) and (36) and the definition of CRRA we have:

CRRA = −
c
(
−σc−σ−1

)
c−σ

= σ (36)

Thus the coefficient of relative risk aversion for an CIES utility function is constant. A
constant coefficient implies that the risk profile is time independent and will depend on the
value of σ. A value equal to 1 points to risk neutrality. A value higher than 1 points to risk
aversion. Finally a value lower than 1 point to risk loving. We will discuss the implications
of different values of σ more analytically in later questions.

1. Set up the Lagrangian for the problem.

The Lagrangian of this problem is very similar to the previous, with the change of the utility
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function and the dependence of R on time. Furthermore following the same arguments as
in problem 2 we ruled out some of the constraints:

L(·) =

T∑
t=0

βt
[(

c(1−σ) − 1

1− σ

)
+ λt(Rtkt − kt+1 − ct) + µtkt+1

]
subject to:

c+ kt+1 = f(k),∀t = 0, . . . , T

kt+1 ≥ 0,∀t = 0, . . . , T

and the F.O.C’s are:

∂L
∂ct

= 0 ⇒ βtc−σt − βtλt = 0, ∀t = 0, . . . , T (37)

∂L
∂kt+1

= 0 ⇒ βt(−λt + µt + βλt+1Rt+1) = 0, ∀t = 0, . . . , T − 1 (38)

∂L
∂λt

= 0 ⇒ βt(Rtkt − kt+1 − ct) = 0, ∀t = 0, . . . , T (39)

∂L
∂µT

= 0 ⇒ βt(kt+1) = 0, for t = T (40)

∂L
∂kT+1

= 0 ⇒ βT (−λT + µT ) = 0, for t = T (41)

Again µt is equal to zero and kt + 1 > 0 except from the last periods equation. Thus we
can solve using equations (38) and (39):

βt(−c−σt + βc−σt+1Rt+1) = 0⇒
c−σt = βc−σt+1Rt+1 (42)

2. Derive the Euler Equation and interpret it.

Given the solution to the optimization problem we can rewrite the Euler equation as:

c−σt = βc−σt+1Rt+1, ∀t = 0, . . . , T − 1 and kT+1 = 0 (43)

Alternatively we can rewrite the Euler condition with the growth rate of consumption on
the LHS: (

ct+1

ct

)σ
= βRt+1

ct+1

ct
= (βRt+1)

1
σ , ∀t = 0, . . . , T − 1 and kT+1 = 0 (44)

this equation says that the marginal cost of savings in period t (the marginal utility of
consuming an extra unit of K today, C−σt ) has to equal the marginal returns of the extra
unit if invested (Rt+1) times the discounted marginal utility of consumption at time t+ 1,
C−σt+1.

There are also two distinct cases. Firstly, suppose βRt+1 > 1. This implies ct+1 > ct.
When σ increases, then 1

σ decreases so (βRt+1)
1
σ decreases as well, implying that you in-

crease ct with respect to ct+1. So, you smooth consumption more than before. Secondly,
suppose suppose βRt+1 < 1. This implies ct > ct+1. When σ increases, then 1

σ decreases so

(βRt+1)
1
σ increases (the argument is less than 1), implying that you raise ct+1 with respect

EC9A2 Omiros Kouvavas



Advanced Macroeconomics 12

to ct. So, also in this case you smooth consumption more than before, since you always
increase the component that is smaller among the two. Thus the higher the σ the higher
the preference for smooth consumption.

3. Derive the Euler Equation that links consumption at time t and consumption at time
t+ k.

We start by writing explicitly the Euler equations for ct+1 . . . ct+k:

ct+1 = (βRt+1)
1
σ ct

ct+2 = (βRt+2)
1
σ ct+1

...

ct+k = (βRt+1)
1
σ ct+k−1

we can solve for the desired expression by replacing recursively every ct+i using the result
of the previous period’s equation thus we have:

ct+2 = (βRt+2)
1
σ (βRt+1)

1
σ ct

ct+3 = (βRt+3)
1
σ (βRt+2)

1
σ (βRt+1)

1
σ ct

...

ct+k = β
k
σ

(
t+k∏
i=t+1

Ri

) 1
σ

ct (45)
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4. Compute the optimal growth rate of consumption from time t to t+ k.

Rearranging equation (46) we obtain the optimal growth rate:

ct+k = β
k
σ

(
t+k∏
i=t+1

Ri

) 1
σ

ct ⇒

ct+k
ct

=

(
βk

t+k∏
i=t+1

Ri

) 1
σ

⇒

ct+k
ct

=
(
βkRt,t+k

) 1
σ (46)

5. What is the value of the IES implied by this utility?

To derive the value of the IES we start from the definition:

IES =

d
(
Ct+k
ct

)
Ct+k
ct

dRt,t+k
Rt,t+k

=
d
(
Ct+k
ct

)
dRt,t+k

Rt,t+k
Ct+k
ct

(47)

using equation (47) we can calculate:

d
(
Ct+k
ct

)
dRt,t+k

=
1

σ
β
k
σR

1
σ−1
k,t+k (48)

plugging in eqution (49) into (48) we have:

IES =
1

σ
β
k
σR

1
σ−1
k,t+k

Rt,t+k
Ct+k
ct

=
1

σ

(
βkRt,t+k

) 1
σ(

Ct+k
ct

) =
1

σ
(49)

at the last step we used the fact that
(βkRt,t+k)

1
σ(

Ct+k
ct

) = 1 as a result of equation (43) (deviding

both sides with Ct+k
ct

).

6. Assume σ > 0. How does consumption and saving respond to an increase in the rate
of return (interest rate) Rt,t+k. Explain this result with an intuition clearly referring to all
the effects caused by an increase of Rt,t+k.

As in problem two the effects of a change in R are two. First we have to income effect as
the increase in R will increase the general returns and as a result will increase consumption
in each period. Secondly we have the inter-temporal substitution effect. The inter-temporal
substitution effect thought this time also depends on the value of σ. If we take a look at
the derivative of:

d
(
Ct+k
ct

)
dRt,t+k

> 0

In equation (49) we can initially conclude that is strictly positive. As such the the growth
rate will increase with an increase in Rt,t+k. Secondly, in figure 4 we graph the effect
depending on σ. We can observe that if σ = 1 then the growth rate is constant, equal to
βk. However, if σ is positive the growth rate will increase but at decreasing rate as the
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derivative of the growth rate with respect to Rt,t+k is will gradually diminish though time.
The same effect is observable in the growth rate it self, in figure 5. When σ is positive,
the growth rate increases but at a decreasing rate. Conversely, if σ < 1 the derivative is
increasing exponentially, and the growth rate increases at an increasing rate. Intuitively
this can be explained based on the fact that σ represents the intensity of risk aversion thus
as σ is higher consumption will indeed be increased, but this increase will affect the growth
rates of consumption more in earlier periods than in later. The opposite happens if σ is
smaller than 1. In other words as σ increases the elasticity of inter-temporal substitution
decreases and vice versa.

Figure 4: The Derivative of the Growth Rate of Consumption
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Figure 5: The Growth Rate of Consumption
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7. What is the relationship between IES and CRRA implied by this utility?

The inter-temporal elasticity of substitution (IES) and the coefficient of relative risk aver-
sion (CRRA) are inversely related:

IES =
1

σ
= σ−1 = CRRA−1 (50)
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Thus as you increase your relative risk aversion you tend to decrease the amount of inter-
temporal substitution.
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